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A simplified computed-torque controller is presented for two common tasks performed by a two-armed free-
flying robot: manipulator inertial endpoint control and cooperative-arm object manipulation. A computed-torque
controller is formulated in such a manner that the differences between fixed-base and free-flying controller for-
mulations are explicit and well defined. An analysis of these differences shows that the terms due to robot body
accelerations are computationally expensive to include in the controller model, whereas those due to robot body
velocities are both computationally inexpensive and vital to proper operation of the controller. For the two robot
tasks under study, numerical simulations predict a wide range of robot/payload mass distributions for which robot
body accelerations can be neglected in the manipulator controller model with insignificant performance degrada-
tion in both open- and closed-loop control. The error introduced is less than that typically due to uncertainties in
mass distribution (1 %). The performance of two simplified computed-torque controllers are compared to their full-
order counterparts using an experimental laboratory robot and found to be indistinguishable from one another.
An estimation is made of the significant computational savings possible with this simplification.

Introduction

POSITION-DERIVATIVE (PD) joint angle control has been
known to be inadequate to the task of inertial-space endpoint

control of free-flying robots. In particular, with a free-flying robot,
manipulator angles alone do not determine endpoint position or
grasped-object orientation.

Free-flying robots possess more degrees of freedom than their
fixed-base counterparts. This has typically resulted in the inclusion
of robot body accelerations and velocities in controller dynamic
models. Previously published experimental work in endpoint con-
trol from free-flying robots by Alexander,1 Umetani and Yoshida,2
and Carignan,3 and theoretical work by Vafa and Dubowski,4 has
concentrated on formulating new controllers to model the effects of
the free-flying robot body.

Koningstein et al.5 presented a new formulation to augment
the manipulator Jacobian in order to control free-flying and/or
cooperating-arm systems. Full-order controllers for manipulator
systems on a free-flying robot can attain precise, high-preformance
control but at a computational cost that is significantly higher than
that of fixed-base manipulator controllers.

Reduced-order controllers for free-flying systems can offer
control capabilities at lower cost. Masutani et al.6 investigated
(in simulation) the performance of simplified endpoint controllers
on free-flying manipulators using Jacobian transpose control with
Umetani and Yoshida's generalized Jacobian technique.2 The
Jacobian transpose method, however, does not model the dynamics
of the system, and precise, high-performance control was not at-
tainable. Van Woerkom and Guelman7 used a generalized inverse to
solve the Jacobian equation but found that the resultant system ac-
celerations were inconsistent with the system dynamics. They con-
cluded that this was not a desirable method with which to implement
reduced-order control. It is evident that reduced-order controllers for
free-fly ing robots that do not have internal dynamic and kinematic
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models that are largely consistent with the system being controlled
will not yield precise, high-performance control.

Papadopolous and Dubowski8 suggested that "nearly any control
algorithm that can be used for fixed-base manipulators can be also
employed in the control of free-flying systems," based on certain
similarities between the kinematic and dynamic equations. We be-
lieve that if the controller equations are expressed in such a manner
that the differences between fixed-base and free-flying systems are
explicit, then an analysis of these differences can yield insight into
which parts contribute to precise, high-performance control and at
what computational cost.

The system that will be studied in this paper is a two-armed
free-flying robot that can use its arms to grasp an object. Two
common control tasks for this robot are arm endpoint control, and
cooperative-arm object manipulation. Computed torque (CT) ma-
nipulator controllers will be formulated in such a manner that the
differences between the free-flying and fixed-base equivalent con-
troller are explicitly visible. The differences fall into two categories,
those due to robot body accelerations and those due to robot body
velocities.

Whereas there are other control objectives and system config-
urations in which manipulator-induced robot body accelerations
can play a significant role, for these two tasks, numerical simula-
tions predict a wide range of robot/payload mass distributions under
which robot body accelerations can be neglected in the controller
model with insignificant performance degradation. This theoretical
study predicts that the effects on the controller performance of ne-
glecting base accelerations can be less than that due to uncertainties
in mass distribution and friction effects. This prediction is experi-
mentally confirmed for both independent arm endpoint control and
cooperative-arm object manipulation.

By neglecting robot body accelerations in the model, a potential
saving of an order of magnitude in computation in the manipulator
controller can be realized. As a consequence, however, the Jacobian
augmentation terms that could implement integrated momentum
control or explicit body control are lost. This control will then need
to be external to the manipulator controller. These results have also
been published in a thesis.9

Notation
The notation employed throughout this paper is intended to be as

consistent as possible with that developed by Kane and Levinson.10
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The basic components of the notation of Ref. 10 are the general-
ized coordinates qr for expressing position and orientation and the
generalized speeds ur for expressing motion. Terms are introduced
for partial linear momentum L/ and angular momentum HJ

r
/s* that

are similar to partial velocities vj. (see also Ref. 5). All velocities v1',
momenta L and //, and their derivatives a1, L, and H are expressed
with respect to a Newtonian (inertial) reference frame. Jacobian
matrixes J and augmented Jacobian matrixes J are expressed as
constructions of partial velocities and partial momenta.

Two-Link Arm Endpoint Control
This first example presents an endpoint CT control system for a

two-link arm in order to familiarize the reader with the notation used,
prior to analysis with manipulators mounted on a free-flying robot.
This manipulator system has two degrees of freedom. The control
objective is the acceleration ap of the manipulator's endpoint p. The
Jacobian matrix for the endpoint velocity is

J 2 x 2 (1)

where the columns are the partial velocity measure numbers of the
endpoint p, expressed in an inertial space. The velocity of the end-
point can be expressed as

vp =Ju

The endpoint acceleration is

The system accelerations are

(2)

(3)

(4)

The generalized accelerations for the manipulator are determined
with the following Jacobian equation:

The inverse dynamics process can use these system generalized
accelerations to determine actuator torques. A feedback control law
based on endpoint position (and velocity) errors can be used to
provide the commanded acceleration and close the loop.

Free-Flying Robot: Endpoint Control
A free-flying robot has more degrees of freedom than its fixed-

base counterpart. By augmenting the Jacobian, it is possible to use
the same technique as for fixed-base manipulators to solve for the
complete set of base and manipulator accelerations and, ultimately,
the joint torques and base forces via inverse dynamics.

This example presents such a control system, a two-link arm
mounted on a two-dimensional free-flying robot. This system has
five degrees of freedom: three of the base and two of the manipulator.
In this case, full-model control objectives include the system's linear
momentum rate Ls and angular momentum rate Hs/s* about the
system's mass center and the acceleration ap of the manipulator
endpoint p. The augmented Jacobian matrix to solve for the five-
system accelerations exactly is

/7- __ H:•s/s*
5 (6)

5 x 5

so that robot linear and angular momentum rates and endpoint ac-
celeration are

Ls

(7)

The generalized accelerations for the robot body and manipulator
are determined with the following Jacobian equation:

As for the fixed-base robot, once system accelerations are solved
for, inverse dynamics can be used to compute the motor torques and
base forces (if any) to accomplish the control objectives. Feedback
control can be achieved with an appropriate control law.

Note that if no external forces or torques are to be applied to the
robot via thrusters, etc., then the momentum change objectives must
be zero. This is equivalent to embedding momentum-conserving
constraints in the controller.

Jacobian augmentation allows additional controls to be speci-
fied directly to the CT controller (i.e., momentum) and is readily
adaptable to cooperative-arm manipulation by expressing closed
kinematic chains as velocity constraints.5

Model Simplification
The full-order CT controller model just developed for a two-

dimensional free-flying robot will be simplified by assuming zero
robot body accelerations. Including these accelerations in a CT
model is computationally expensive, since a larger Jacobian ma-
trix needs to be inverted. Constant body acceleration, such as that
due to rocket (thruster) activity, can be easily included in the model
and is discussed separately in the following section.

Free-flying robot body accelerations occur in response to ma-
nipulator activity and external forces. If the robot body's mass and
inertia are very large with respect to those of the manipulator(s)
and its payload(s) then they will be small compared to manipulator
endpoint accelerations.

In this simplified model, a reduced Jacobian equation is used to
solve for a subset of the system generalized accelerations: the ma-
nipulator generalized accelerations. The simplified CT controller
model presented here neglects robot body accelerations (they are
assumed to be zero) but includes the robot body angular velocity.
The effect of this is to remove the rows of the augmented Jacobian
equation dealing with body acceleration control (or system momen-
tum control, depending on what the control objectives may have
been5) and remove the columns of the augmented Jacobian ma-
trix that depended on the body accelerations. The resulting reduced
Jacobian matrix is the (original) fixed-base manipulator Jacobian,
however, the nonlinear terms when solving for system accelerations
are not the same. The example illustrates this.

The approximate system accelerations, assuming zero base ac-
celerations, are

(9)

- " 5 x 1

If this simplification is applied, the reduced Jacobian matrix is

(10)
9,6,1

and the row-reduced augmented Jacobian derivative matrix J is

"3 "4 "5 j 2 x 5
(H)

The generalized accelerations for the manipulator are determined
with the following simplified Jacobian equation, that uses the full
system state to take into account robot body angular velocity:

' 12,10,9
(12)

These approximate manipulator generalized accelerations form the
basis of the approximate system generalized accelerations of Eq. (9).

The inverse dynamics process then uses these approximate system
generalized accelerations with the full system state to determine
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manipulator actuator torques. Residual forces and torques calculated
for the robot body as a consequence of this process, although used
in full-model control, are to be ignored.

Momentum and/or Base Control
By using a simplified CT controller such as this, the ability to

control momentum, such as specified in the augmented Jacobian
in Eq. (7), is lost; it will need to be done by an external controller.
Momentum control (for stationkeeping and maneuvering) could po-
tentially produce large robot body accelerations «i,...,3» but these can
be treated as invariant to manipulator activity, so that the Jacobian
equation can include them as constants. This is accomplished by
partitioning off a piece of the augmented Jacobian J71,...,3,4,...,5- The
manipulator accelerations, instead of 12 [Eq. (12)], are then

W4,5 =()(Jrl(- J*"+aL ~ J4....,5.1,...3*l....,3) (13)

Effect of Model Simplification on Open-Loop Control
A measure of the accuracy of a computed-torque controller is

how closely real responses (i.e., endpoint accelerations) conform to
the objectives specified in an open-loop manner. Of course, friction,
actuator deficiencies, and physical and mass parameter inaccuracies
detract from the ideal. In the case of manipulator endpoint acceler-
ation control, ideally the actual endpoint acceleration is that which
is desired:

Whereas it is difficult to measure the real accelerations precisely,
and we will not do so, the effect of the controller model simplifica-
tion on open-loop accelerations will prove instructive in determining
the effect on closed-loop controller performance.

For the model simplification under study, we can use our simula-
tion tools to construct a simplified controller that controls a simu-
lated free-flying robot and observe the results numerically, or we can
use our reduced Jacobian and nonlinear matrices and work out the
resulting system behavior. It turns out that the manipulator endpoint
accelerations in inertial space aep are the sum of a linear function of
the desired accelerations 0des and unmodeled nonlinear components
/NL (which are not functions of «des),

-G
= Tad

/NL

/N (14)

Ideally, the matrix T would be unity, and the nonlinear terms /NL
would be zero; this will typically not be true for systems whose mass
properties are imperfectly known.

For the case of manipulators attached to free-flying robots, com-
ponents of /NL are zero if the robot body's angular velocity is ac-
counted for, since the nonlinear terms are functions of only the state
(joint angles, angular rates) and are independent of the system ac-
celerations wi,...,„. For this study, we will include the robot body's
angular velocity in the controller model since it is computationally
inexpensive to do so (discussed later), and it ensures proper nonlin-
ear compensation in the controller such that Eq. (14) becomes

cp np ,̂des /i c\a l = fa (15)

The elements of the matrix T are functions of the mass distribution
in the robot and payload. An endpoint controller or a cooperative-
arm object controller is supposed to linearize and decouple the dy-
namical system. Therefore, if the simplified controller is to be useful,
then it should have little effect on this linearization (i.e., the values
of T should vary little with mass distribution) and there should be
little cross coupling. In other words, the matrix T must be close to
the identity matrix for a wide range of mass distributions.

In the following simulation studies, an automated CT control and
dynamics software package9 is used to evaluate the terms of T over
wide variations of robot body mass and robot payload mass. Data
plots will be presented of the members of the transformation matrix

Table 1 Robot mass characteristics_______
50.0
3.2

(148,148)
(59, 2)

1.92
0.02

(305, 0)
(200, 0)

0.34
0.012

(295, 0)
(148,-148)

(59, -2)
1.92
0.02

(305, 0)
(200, 0)

0.34
0.012

(295,0)

Base mass, kg
Base inertia, kg-m2

Left arm mounting on base, mm
Left upper arm center mass, mm
Left upper arm mass, kg
Left upper arm inertia, kg-m2

Left lower arm mounting on LUA, mm
Left lower arm center of mass, mm
Left lower arm mass, kg
Left lower arm inertia, kg-m2

Left endpoint mounting on LLA, mm
Right arm mounting on base, mm
Right upper arm center of mass, mm
Right upper arm mass, kg
Right upper arm inertia, kg-m2

Right lower arm mounting on RUA, mm
Right lower arm center of mass, mm
Right lower arm mass, kg
Right lower arm inertia, kg-m2

Right endpoint mounting on RLA, mm

10*
Base Masc Ratio Base Mace Ratio

Fig. 1 Matrix T as a function of robot body mass.

T that vary with mass distribution and configuration of the robot.
Plots are presented for the manipulator(s) with 45-deg shoulder an-
gle and 90-deg elbow angle and reference robot parameters as in
Table 1.

Effects of Variations in Robot Body Mass
In this simulation study, robot body (base) mass parameters are

varied with respect to those of the experimental robot by a factor that
varies between 10~3 and 103, representing a variation from a robot
body that is extremely massive and with a large moment of inertia,
to that where the robot body has practically no mass or moment of
inertia.

A numerical simulation that predicts elements of the transforma-
tion matrix T over a wide range of base mass (and inertia) values
is shown in Fig. 1. The matrix T deviates from unity by no more
than 3% with very little cross coupling for a very wide range of base
masses, making this simplified controller an excellent candidate.
The case of nominal mass distribution of the experimental robot,
indicated by the vertical lines, yields a matrix T of

T =
1.004 0
0.003 1

.0081

.oooj (16)

Effects of Variations in Payload Mass
In this simulation study, payload mass is varied with respect to

that of the nominal payload by a factor that varies between 1G~~3 and
103, representing a variation from an extremely massive payload to
that where the payload has practically no mass at all.

The elements of the transformation matrix T over a wide range
of payload mass values is shown in Fig. 2. The nominal mass
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Txv Cross-Coupling

1.001

1

1

0.999

lO-i io§ 101
PayloAd Mi« (kg)

....... .....ft*,....... ........

10-' 10« 10'
Ptylotd MAM (kg)

0.99
*UH 10-i 10» IQi

Ptylotd M«M (kg)

Fig. 2 Matrix T as a function of payload mass.

distribution of the experimental robot with payload is at the 10°
mark. The matrix T deviates from unity by less than a percent with
very little cross coupling, making it an excellent candidate. Interest-
ingly enough, as the mass of the payload increases, the errors due
to neglecting robot body accelerations decrease; this is because the
manipulator dynamics become less significant than the interaction
of two effectively point masses—the base and the payload.

These numerical predictions are very similar when the robot is
used to perform cooperative-arm object manipulation. For example,
in the case where a payload of 6.9 kg is cooperatively manipulated,
a typical matrix T is

[
" [o.ooi5

1.0005 0.00541
(17)

Effect of Simplification on Closed-Loop Control
The effects on closed-loop control will now be examined, given

that the simplification's effect on open-loop control has been char-
acterized. Whereas an ideal CT controller linearizes and decouples
the system, the effect of the terms of the matrix T are to reintroduce
cross coupling and change the loop gain of the system, as shown in
Fig. 3.

The effect of on the gain by diagonal terms Kg is to change our
PD controller's closed-loop bandwidth CD and damping f by small
amounts,

= jKn X 0)

fnew =

(18)

(19)

Endpoint acceleration cross coupling due to nonzero nondiagonal
terms Kx would be

e = Kx x acrt (20)

Based on the results obtained for the matrix T in the preceding
simulations, in all cases we can expect only small changes to the
bandwidth and a small amount of cross coupling. In the following
experiments the performance of full-order vs simplified closed-loop
controllers will be examined.

Experimental Free-Flying Robot
Endpoint control experiments are performed on a laboratory robot

(Fig. 4) that has two arms with which to manipulate payloads. The
robot's body is air-bearing supported over a flat, level table to achieve
low-drag and zero-g characteristics in two dimensions.

The robot body's mass and inertia are considerably larger than
that of the manipulator arm segments, much as NASA's proposed
orbital maneuvering vehicle's would be. The mass distribution of
the experimental robot is as described in Table 1.

Objtctivt —£ "̂>>

Fig. 3 Compromised closed-loop control system.

Fig. 4 Experimental laboratory robot.

Fig. 5 One arm endpoint is moved; the other is held stationary.

The manipulator arms are actuated via limited-angle torque mo-
tors. Arm joint angles are sensed using rotational variable differ-
ential transformers. Robot body, arm endpoint, and grasped-object
positions are sensed using an offboard charge-coupled device (CCD)
camera. Offboard software converts sensed infrared light-emitting
diode (LED) positions into point positions and into object positions
and orientations as appropriate. This endpoint position (vision) sens-
ing system has the ability to resolve to 4 mm in one axis and 10 mm
in the other.

Onboard power and computers minimize the connection to the
outside world that is limited to a pair of fiber-optic cables. Data
collection is relayed from the robot's computer to the laboratory's
computer for subsequent analysis.

Manipulator Endpoint Control Experiment
In the first experiment, the two manipulator endpoints are position

controlled as shown by a simulation in Fig. 5. One endpoint is
controlled to an inertially fixed location, the other to follow a two-
dimensional circular trajectory in inertial space. The gains of the PD
endpoint feedback controller are Kp = 100 and Kv = 22. Control
is performed using a 60-Hz sampling rate.
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-300

Fig. 6 Simplified CT two-arm endpoint controller performance.

Endpoint X Position Error Simplified Model: X Error

5 10
Time(«)

nt Y Pocition Error

5 10
Tune(f)

, Simplified Model: Y Error

5
Time(i)

5
Time(«)

Fig. 7 Endpoint position control error comparison.

The cross coupling expected from the simplified controller model,
as shown in Eq. (16) is approximately 0.008, whereas the loop gain
is expected to change by 1.004, an amount equivalent to an error
in the mass and inertia estimates of the robot of roughly the same
magnitude: 0.4%. Based on these small deviations from the ideal,
we expect to see no difference when using the simplified controller
instead of the full-model controller.

Figure 6 shows experimental data obtained for the simplified CT
endpoint controller. Dotted lines show commanded values, whereas
solid lines show actual data. The simplified controller performance
was almost identical to that of the full-order controller, as the side-
by-side comparison of right endpoint position errors presented in
Fig. 7 show. For both full-order and simplified controllers, errors
are about 5 mm peak to peak and are due to spring forces in the
joints due to wiring and tubing and due to sensor limitations. Note
that due to the free-flying nature of the robot, it is difficult to exactly
replicate experimental runs.

Cooperative-Arm Object Control
In the second experiment, the position of an object grasped by

both manipulator arms is controlled as shown in a simulation in
Fig. 8. The object's orientation is controlled to a constant angle,
and its centerpoint is controlled to follow a circular trajectory in
two-dimensional inertial space. PD control gains were the same as
those used for single-arm control.

The cross coupling expected from the simplified controller model
as shown in Eq. (17) is approximately 0.5%, whereas the loop gain
is expected to change by 0.7%. Once again, these errors are small
compared to friction effects and mass parameter uncertainties.

Figure 9 shows the experimental data obtained for the simplified

Fig. 8 Object is moved in a circle.

Object Center Y Position

5 10
Time(f)

400

200

0

(

x

Y

) 5 1
Time(«)

Fig. 9
troller.

Object controller performance using the simplified CT con-

4 Endpoint X Position Error Simciified Model: X EJ

Fig. 10 Object position control error comparison.

object controller. Dotted lines show commanded values, whereas
solid lines show actual data, except for the base (x, y) position plot
that shows real robot base position only. This controller performed
well, given sensor limitations. The object's orientation could be bet-
ter controlled with the use of a better angular-rate sensor in the robot
body; the existing one is somewhat noisy. Furthermore, the object's
orientation and center position are inferred from the grasp points and
so mechanical play causes slight jumps in these plotted (estimated)
positions.

The simplified object controller performance was almost iden-
tical to that of the full-order object controller, as the side-by-side
comparison of object position error in Fig. 10 shows. In both cases
the errors visible are about 4 mm peak to peak for x and 10 mm
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peak to peak for y, which is an artifact of the vision sensor that has
different resolutions in the x and y directions. Errors visible are due
to sensor limitations and spring forces in the joints due to wiring
and tubing.

Computational Sayings
Since the solution of the Jacobian matrix equation is order (n3)

operations (effectively, solving Ax = b, for x), a reduction of n by
6 (for three-dimensional systems) and by 3 (for two-dimensional
systems) can produce substantial computational savings.

For example, using the techniques presented here, a three-
dimensional robot with a single seven-degree-of-freedom manipu-
lator arm n = 6 + 1 would require 1794 operations to solve the full
Jacobian matrix equation,9 and 322 operations to solve the simpli-
fied Jacobian equation. The more manipulator degrees of freedom,
the greater the savings in computation.

Consider the case of a two-armed free-flying robot that has six
degrees of freedom in its base and two arms each with seven degrees
of freedom: n = 6 + 74-7 = 20.

If the generalized speeds are defined so that they do not mix
joint angle rates of the two manipulators (a choice of u^• = qt guar-
antees this), it is possible to simplify this system into two decou-
pled, individual manipulator Jacobian equations. A three-dimension
robot with two seven-degree-of-freedom manipulator arms (n = 20)
would require 6132 operations to solve the full Jacobian equation,
but only 644 operations [2 x (n = 7)] after the manipulator Jacobian
matrix is decomposed.

The cost of including centripetal acceleration terms due to robot
body angular velocity in our two-dimensional recursive kinematics
and inverse dynamics algorithm9 is 47 total additional operations.
The forward kinematics and inverse dynamics for a two-dimensional
free-flying robot with two two-link arms can be evaluated in 265
operations; therefore, including the robot body's angular speed does
not add significantly to the cost of doing CT control.

Conclusions
Both full-order and simplified computed torque controllers for

manipulator endpoint control and cooperative-arm object manipu-
lation free-flying robot are developed and tested on an experimental
robot. The simplified controller offers manipulator performance in-
distinguishable from the full-order controller but at a substantial
savings in computational cost.

The CT controllers are formulated such that the differences be-
tween the free-flying robot system and the fixed-base manipulator
equivalent are easily examined. It is found that the terms due to
the free-flying robot body velocity and acceleration manifest them-
selves in very different ways. Including base angular velocity in the
CT controller model compensates for the nonlinear inertial forces
due to base angular velocity and costs little to include. It should
not be neglected. Robot body accelerations, on the other hand, are
computationally expensive to include in the CT controller model.

A study was made of two common control tasks for a two-armed
free-flying robot. A dynamics and control simulation program was
used to predict the effect of neglecting the robot body accelera-
tions on the response of open-loop control over a wide range of

robot/payload mass distributions. The effect on open-loop control
was found to be small, and the effect on closed-loop control was esti-
mated to be on the same order as an uncertainty of mass distribution
of 0.7% for the robot under study.

Experiments were performed with a laboratory free-flying robot.
Manipulator performance for the full-order controllers was com-
pared to their simplified counterparts. In these tests, the simplifica-
tion had no noticeable degradation in the controller's performance.
In fact, any mismodeling due to neglecting base accelerations was
found to be significantly less than that due to friction effects, sensor
limitations, and uncertainty in the mass distribution.

The savings in computations offered by neglecting robot body
accelerations in this class of manipulator control system—together
with the negligible performance degradation that this paper
has shown—make it a practical technique for assuring high-
performance endpoint control at a more reasonable computational
cost.
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